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UNIFORM HYPERBOLICITY OF INVARIANT CYLINDER 

CHONG-QING CHENG 


Abstract. For a nearly integrable Hamiltonian systems H = h{p) + eP{p, q) with 
(p, q) £ X T®, large normally hyperbolic invariant cylinders exist along the whole 
resonant path, except for the ^ -neighborhood of finitely many double resonant 
points. It allows one to construct diffusion orbits to cross double resonance. 
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1. Introduction and the main result 

In this paper, we study small perturbations of integrable Hamilton systems with 
three degrees of freedom 

(1.1) H{p,q) = h{p)+eP{p,q), {p,q) GR^xT^, 

where d‘^h{p) is positive definite, both h and P are C'^-functions with k > 6. In the 
energy level with E > min/i, we search for invariant cylinders along resonant 

path. An irreducible integer vector k' G Z^\{0} determines a resonant path 

T' = {pG h-^{E) : {dh{p), k') = 0}. 

A point p” G r' is called double resonant if 3 another irreducible vector k" G Z^\{0}, 
independent of k', such that {k", dh{p")) = 0 holds as well. There are infinitely many 
double resonant points, but only strong double resonance causes trouble. A double 
resonance is called strong if \k"\ is not so large. 

To make things simpler we introduce a symplectic coordinate transformation 

TR : u = M^q, v = M~^p, 
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where the matrix is made up by three integer vectors M = [k", k', k^). As both k' and 
k" are irreducible, 3 /cs G such that detM = 1. There are infinitely many choices 
for /c 3 , we choose that k^ so that {k^l is the smallest one. For simplicity of notation, 
we assume that the Hamiltonian of (II.ip is already under such transformation. 


To study invariant cylinders we need normal form around a double resonance. We 
introduce a coordinate transformation ‘hei? which is defined as the time-27r-map = 
^lp\t= 2 TT of the Hamiltonian flow generated by the function eF{p,q). This function 
solves the homological equation 

/ f)h \ 

( 1 - 2 ) {-^ip"),-^) = -PiP,q) + Z{p,q) 

where 

Z{p,q)= 

teZ3,4=o 

in which Pi represents the Fourier coefficient of P. Expanding F into Fourier series 
and comparing both sides of the equation we obtain 


F{p,q) 


E 


’iPejp) HFq) 
dh{p'')) 


Under the transformation ‘hgi? we obtain a new Hamiltonian 

=h{p) + eZ{p, q)+e(^^ip)- ^{p"), 

+ l\l-t){{H,F},F}o^lpdt. 

To solve Equation (11.211 . we do not have problem of small divisor, \ {l, dh{p''))\ = l^swsj, 
where ws = d^h{p") ^ 0 since h{p") > minh. 


The function ^*pH{u,v) determines its Hamiltonian equation 
(1.3) 


Tt - 


dt dq 


For this equation we introduce another transformation (we call it homogenization) 


G, = -^IpH, 


y = 


1 

7 ^ 


p-p 


x = q, 


= Vet, 


where x = (x,X 3 ), y = {y,y^), x = {xi,X 2 ), y = {yi,y 2 )- Using the new canonical 
variables {x, y) and the new time s. Equation (II.3p appears to be the Hamiltonian 
equation with its generating function as the following: 

(1.4) Ge = ^(h{p'' + Vey) - h{p'')^ -V{x) + VeRe{x,y), 

where V = —Z(p",x} and 


+ R 2 + R 3 

Ri= ^ 




Z{p" + Vey, x) - Z{p", x) 


R 2 = 


[P + 


R3 = 


^/e\op\ 

•F 


•Fi) 


dh „ dF\ 


Jo 


o ^Ipdt. 


(1.5) 
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Let D he 8 l positive number independent of e, a G (0, ^). In the domain 

= \{x,y) : \y\ < De^~^,x G T^j, 

the term \^/eRi\Q ^-2 is bounded by a small number of order 0{e^) (for i = 1,2,3). If 
we introduce a symplectic coordinate transformation again 

©: I =—}=y3, — X3, 

Ve 1^3 

then = 1 + 0{e^) holds in the domain Sfle. Therefore, there is a unique function 
I = —G^{x,y,6) which solves the equation 

( 1 . 6 ) GJx,!^e,y,-—Ge{x,y,9))=0, 

where we use the fact that h{p'') = E. The dynamics of G^ restricted on the energy 
level set (^7^(0) is equivalent to the dynamics of G^ where 9 plays the role of time. 
Let denote the Hamiltonian flow produced by G^. 

To state our result, let us introduce some notations. A manifold with boundary is 
called cylinder if it is homeomorphic to the standard cylinder T x [0,1]. A typical case 
is a cylinder made up by periodic orbits of an autonomous Hamiltonian system where 
different orbit lies on different energy level. The cylinder is denoted by h^Ei,E 2 ,g if &li 
orbits are associated with the same first homology class g and they lie on the level 
set with energy Ei to the set with £' 2 . The cylinder is invariant for the Hamiltonian 
flow. If the system is under small time-periodic perturbation, the time-periodic map 
generated by the Hamiltonian flow is a small perturbation of the original map. The 
cylinder may survive small perturbations of the map, denoted by H^^ ^ which is a 

section of a manifold homeomorphic to h\-Ei,E 2 ,g ^ Tf- We also call it cylinder. 

The Tonelli Hamiltonian G^ determines a Tonelli Lagrangian through the Legendre 
transformation. So, the a- and /3-function are well defined, denoted by and j3G^ 
respectively. They define the Legendre-Fenchel duality between the first homology and 
the first cohomology : a first cohomology class c G {g) if (c) -1- id) = 
(c, ( 7 ). By adding a constant to G^ we can assume minac^ = 0. Once a Lagrangian L 
is fixed, we also use to denote the Legendre-Fenchel duality. 

The Hamiltonian produces a map ^g^'- T*T^ xT —)■ TT^ xT: (x, y, 9) (x, x, 9) 

where x = dyG^ix, y, 9). In this paper, a set in T*T^ x T as well as its time-27r-section 
is called Mather set (Aubry set or Mane set) if its image under the map ^Ge is a 
Mather set (Aubry set or Mane set) in the usual definition. The following theorem is 
the main result of this paper: 

Theorem 1.1. For a class g G LIi(T^,M), there is an open-dense set C C'’’(T^,M) 
(r > 5). For each V G iU, there exists cq > 0 such that for each e G (0, cq) 


( 1 ) 

(2) 


there exist finitely many normally hyperbolic invariant cylinders for the map 
Hp— TT. ' iHL. where the 


^ 2 -k . TTe 

'^^ed,Eo+5,g 


Ej-S,DG-^/‘^,g 


Eo—S,Ei-\-S^g^ ’ ^Ej—i—S^Ej-\-S^g^ 

integer j, the numbers Ej > ■ ■ ■ > Ei > Eq > 0, the small numbers 5,d > 0 
and the normal hyperbolicity of each cylinder are all independent of e; 
for each c G {vg) 

• 3 iV > 1 such that if aGfic) G {Ne^^Efij, the Aubry set lies on Eq+s g’ 

• IfoiGei^) ^ (33i,£i+i), the Aubry set lies on g where the index 

i ranges over the set { 0 , 1 , • • • , j — 1}; 
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• ifacAc) G {Ej,De'^~ 2 ), the Aubry set lies on 

• */®Ge(c) = Ei, the Aubry set has two eonneeted eomponents, one is on 
^Ei_,-5,Ei+5,g another one is on Il^%._s,Ei+,+5,g- 

Back to the original coordinates, this theorem implies the following. Along the res¬ 
onant path r', there are some invariant cylinders staying on the energy level 
which range over the extend from e'^-away to e^^'’“'^^/^-close to the double resonant 
point. By a result in |Lo| . the resonant path F' is covered by disks {\p—Pi \ < T(p")e‘^} 


where o' = y and T{p'-) is the period of the double resonance, i.e. it is the smallest one 
among those integers iF € Z so that Kdh{p'l) G Z^. We shall see later, for a generic 
potential V, only finitely many points {p"} (independent of e) have to be treated as 
strong double resonance. It follows from Theorem 11.11 that 

Theorem 1.2. Given a resonant path T' C h~^{E) and a generic potential V, there 
are small numbers cq, d > 0 so that for every e G (0, eo), the whole path T' is covered by 
the NHICs of the Hamiltonian flow except for the -neighborhood of finitely 

many strong double resonant points, in the sense that the Aubry set lies in the cylinders 
if its rotation vector is -away from those points. The number of the strong double 

resonant points is independent of e. 


The result in [CZ1| plays important role in this paper. It is for the minimal periodic 
orbit of Tonelli Lagrangian of two degrees of freedom. Let L be a Tonelli Lagrangian 
and let 911(L) be the set of Borel probability measures on TT^, which are invariant for 
the Lagrange flow 4>\ produced by L. Each p, G 91t(L) is associated with a rotation 
vector p{p) G iLi(T^,M) s.t. for every closed 1-form p on one has 


{[nipiT)) = j Pdp. 


Let Tlui{L) = {p G Tl{L) : p{p) = w}, an invariant measure p is called minimal with 
the rotation vector to if 

/ Ldp = inf / Ldn. 

A rotation vector uj G iLi(T^,M) is called resonant if there exists a non-zero integer 
vector k gT? such that {uj,k) =0. For two-dimensional torus, it uniquely determines 
an irreducible element g G Lli(T^, Z) and a positive number A > 0 such that cj = if 
U! is resonant. Each orbit in the support of minimal measure p is periodic if and only 
if p{p) is resonant. Let E = such periodic orbit is called {E, g)-minimal. 

The following result has been proved (Theorem 2.1 of |CZ1] L 

Theorem 1.3. Given a class g G Lli(T^,Z) and two positive numbers E" > E' > 0, 
there exists an open-dense set 23 C (^^(T^,]^) with r > 5 such that for each E G 23, 
it holds simultaneously for all E G [E',E"] that every (E, g)-minimal periodic orbit of 
L-\-V is hyperbolic. Indeed, except for finitely many Ei G \E',E''\, there is only one 
[E , g)-minimal orbit for E ^ Ei and there are two {E , g)-minimal orbits for E = Ej. 
Therefore, these (E, g)-minimal periodic orbits make up finitely many pieces of NHIGs. 


2. NHIC AROUND DOUBLE RESONANT POINT 


The main result in this section is Theorem 12.31 It verifies that a NHIC for the map 
extends from e'^-neighborhood of the double resonant point to a place which is of 
order 0(l)-away from the double resonant point. 
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As the first step we need to find the explicit expression of . We do not try to find 
the one which is valid for the whole region ffg. Instead we are satisfied with getting a 
local expression when it is restricted on {\p — p'i\ < 0{^/e)} where G r'n{|p —p"| < 
De^}. Along the path F' n {\p — p''\ < e^} we choose points {p'^} such that p^ = p", 
dih{p[) = Kiy/e, where iF > 0 is an integer, independent of e. Let = d^h{p[), we 
introduce coordinate rescaling and translation 



Let Ki = fli, we expand in 0{^/€) neighborhood of p[ and get a local expression 


1 


( 2 . 2 ) 


G, =I Afliyi + -{Ai(y, - 1), (y, - 1 










V(x) + ^/eRh (y, (a:, ^<9, {Vey, + Pi) 


where Ai = ^^{p'i) and term Rh represents the following 


W3,i 


L 






For |p(| < 0{e^) and \y\ < 0(1) and |/| < O(^) both ^/eRh and ^R^ are bounded 

by a quantity of order 0{e'^) in G^“^-topology. From the expression of G^ in (|2.2I1 we 
get a local solution of the equation (cf. Equation II.6p 


(2.3) 


Ge (X, y,-—Ge,i{x, y,9)) = 0, 
Ve ‘^3,i 


which takes the form of Ge,i{x, y, 9) = Gi(x, y) + e^Re^i{x, y, 9) where 


(2.4) 


Gi{x,y) = Qiyi + ^{Ay,y) -V{x). 


where A is obtained from Aq by eliminating the third row and the third column. At 
first view, the matrix A should come from Ai in the same way. However, we use the 
property \p[ —p"\ < O(e^) so that we can put the difference term into the remainder. 

In this section, we study the case when i = 0, i.e. the system is restricted in Ky/e- 
neighborhood of the double resonant point. If we ignore the small term e^R^fi in the 
equation (EaD, the truncated system Go has two degrees of freedom only. Let Lgo 
be the Lagrangian determined by the truncated system, we get periodic orbit with 
rotation vector \g by searching for the minimizer 'y(-,E,g,x) of the Lagrange action 


(2.5) 


F{x,E,g) 


inf 


7 ( 0 )= 7 (^) = 2 : 
[ 7]=3 





where g G iFi(T^, Z) is irreducible, E = a(.if^^ If R{'i R: 9) reaches its minimum 

at X*, then d'y{-,E,g,x*) is the minimal periodic orbit we are looking for |CZ1] . 

The minimizer 'y{-,E,g,x*) produces a periodic orbit ZE,g{t) = {xE,g{t),yE,g{t)) 
of where XE,g{t) = 'y{t, E, g, x*). As the Hamiltonian is autonomous, the orbit 
^E,g{t) stays in certain energy level Gq^{E). When the energy E decreases, A also 
decrease. We assume mini/ = 0, then there are two possibilities: 
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(1) , A I Ao > 0 as i? 4 , 0. In this case, certain periodic orbit z*{t) C Gq ^(0) such 
that ZE,git) z*{t). It is possible, we have an example. Let 

L = \x\ + ]^xl + V{x) 

where V satisfies the conditions; x = 0 is the minimal point of V only; there exist 
two numbers d > d' > 0 such that for any closed curve 7 : [ 0 , 1 ] ^ passing through 
the origin with [ 7 ] 7 ^ 0 one has 

[ V{-f{s))ds > d; 

Jo 

V = d' + (x 2 — o)^ when it is restricted a neighborhood of circle X 2 = a. For g = (1,0), 
A 4 , V2d' as FI 4- 0, z*{t) = ®)- No problem of double resonance in this case. 

(2) , A 4- 0 as Fi 4^ 0- It is typical that V attains its minimum at one point which 
correspond a fixed point of the Hamiltonian flow ‘hgg. As the period 2A“^7r approaches 
infinity, the orbit ZE,g{t) approaches homoclinic orbit(s) as E approaches zero. It is 
possible that there are two irreducible classes 51,52 £ FIi(T^,Z) and two non-negative 
integers ki,k 2 such that 5 = F 151 -|- A: 252 - It is a difficult part of the problem of 
double resonance, {zE,g}E>o makes up a cylinder which takes homoclinic orbits as it 
boundary, which can not survive any small perturbation. In this section, we are going 
to study how close some invariant cylinder of <I>^ ^ can extend to. 

2.1. Hyperbolicity of minimal periodic orbit around double resonant point. 

At the double resonant point we have p' = p” and oj'i = 0. In this case, 

( 2 . 6 ) Gep{x, y, 9) = ^(^ 5 , y) -V (x) 5 , 9). 

The Lagrangian determined by Gq takes the form 

Ago = ^(A"^x,x) + V{x). 

For Hamiltonian system Gq, the minimal point of V determines a stationary solution 
which corresponds to a minimal measure of the Lagrangian Lgq- Up to a translation 
of coordinates x ^ xq, it is open-dense condition that 

(HI): V attains its maximum at x = 0 only, the Hessian matrix of V at x = 0 is 
positive definite. All eigenvalues of the matrix 



are different: —X 2 < —Ai < 0 < Ai < A 2 . 

If we denote by Af = (A^,*, Ayi) the eigenvector corresponding to the eigenvalue Aj, 
where A^i and Ayi are for the x- and 5 -coordinate respectively, then the eigenvector 
for -Aj will be A~ = (A^,*, -Ayi). 

By the assumption (HI), the fixed point z = {x,y) = 0 has its stable manifold IF"'' 
and its unstable manifold W~. They intersect each other along homoclinic orbit. As 
each homoclinic orbit entirely stays in the stable as well as in the unstable manifolds, 
the intersection can not be transversal in the standard definition, but in the sense that 

F.iu-©r,iu+ = r,Goi(o) 

holds for all x along minimal homoclinic curve. Without danger of confusion, we also 
call the intersection transversal. 
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Treat it as a closed curve, a homoclinic orbit is associated with a homo- 

logical class [7] = <7 £ A homoclinic orbit (7,7) is called minimal if 

/ oo poo 

LGo{l{t),i{t))dt = inf / LGo{C{t),C{t))dt. 

-OO [C] —[7] J —OO 

Although there are infinitely many homoclinic orbits |Z 2 [ ICC] , it is generic that there 
is only one minimal homoclinic orbit for each class in G As there are 

countably many homological classes only, the following hypothesis is also generic: 

(H2): The stable manifold intersects the unstable manifold transversally along eaeh 
minimal homoclinic orbit. These minimal homoclinic orbits approach the fixed point 
along the direction Ai: 7(t)/||7(t)|| —>• A^,! as t ^ ± 00 . 

Once fixing the homological class g, we denote the periodic curve XE{t) = XE,g{t) 
which determines a periodic orbit ze = {xe^Ve) in the phase space. As it stays in the 
energy level set Gq^{E), let us show how the period Te is related to the energy E. 

Lemma 2.1. Assume the hypothesis (H2). For g = kigi -|- k 2 g 2 o,nd suitably small 
E > 0, the period Te of the orbit ze is related to the energy E through the formula 

(2.7) Te = T{E,g) =TE,g- ^{ki + k 2 )lnE 

Al 

where TE,g is bounded as i?0. 


Proof. By the condition, there are two homoclinic orbits d'yi{t), d'y2{t) such that [71] = 
51) [72] = 92 and the periodic orbit ZEit) approaches them as i? 0. By the hypotheses 
(H1,H2), these minimal homoclinic orbits approach the fixed point z = 0 along the 
direction A^. 


Let Bs be a sphere centered at 2; = 0 with small radius 5 > 0. Since ze approaches 
the homoclinic orbits, it passes through the ball if i? > 0 is small. Denote by t^ ^ 
the time when ze enters the ball, the subsequent time when ze leaves the ball, 
namely, ZE{t) G Bs for t G and ZE{t) ^ Bs for t G {t~E^i-,t%^i+i)- Since 

9 = ^i5i + ^252) we have 


< 7,1 < ^E,2 < ■ ■ ■ < ^E,fei+fc2 7,fci+fc2 ^ ^E,fci+fc2+l “ 

We use the notation ZE{t) = {xE{t),yE{t))- As the minimal homoclinic orbits ap¬ 
proach the fixed point 2 = 0 along the direction A^. 


( 2 . 8 ) 



||Aa;l 



holds if i? > 0, (f > 0 are suitably small. 


In a suitably small neighborhood of 2 = 0, we use a Birkhoff normal form 

Go = ^(y? - A?x?) + ^{92- >4^1) + Psix, y) 

where Ps{x,y) = 0(|(x,i/)p). In such coordinates, the eigenvector for the eigenvalue 
±Ai is A^ = (l,0,±Ai,0) and that for the eigenvalue ±A2 reads A^ = (0,1,0,±A2). 

By the method of variation of constants, we obtain the solution of the Hamilton 
equation generated by Gq 

x, {t) =e-^^\b- + F-) + eA*(6+ + i7+), 

y, {t) = - he-^^\b- + F-) + \e>'^\ht + F+), 


(2.9) 
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where bf are constants determined by boundary condition and 

K~ e^^^iXidy^Ps + d^^P3){x{s),y{s))ds, 

e~^^"iXidy,P 3 - d^,P 3 )ix{s),y{s))ds. 

Substituting {x, y) with the formula (j2.9p into Go we obtain a constraint condition for 
the constants bf: 

( 2 . 10 ) Go{xit),y{t)) = -^{Xlb^bt + Xlb^bt) + P3((6+ + br), A.(6+ - 6r)). 

If (x(±r), y(±T)) G dBs, we obtain from the theorem of Grobman-Hartman that 
, , Xi{-T)=b-e^^^+ bte-^^^+ o{6), 


As Formula (j2.8p holds for {xE,yE), the first component of XE{t) = {xE,i{t)-,XE, 2 {t)) 
satisfies 

(2-12) J| > i = ,ki+k2. 

Let 2T = tg i—t% i- The time translation, ^ —)• —T induces ^ T. For sufficiently 

large T > 0, it deduces from the equation p2.1ip and the assumption p2.12p that 

and 

bibt<0, |P3((6+ + 6-),A,(6+-6t))| 

where the constant C depends only on the function P 3 . So, for suitably small 5 > 0 
and sufficiently large ^ we obtain from (I2.10p that 


P>__g P\^E,i *£,il _ 8^2 r2 *£,il _ (7g ^P\^E,i 

^9(1 +A?) 2 


> ^ 1 ^^ g-AilG.-4J 

-9(1 +A?) 


The quantity j — becomes sufficiently large if Fi > 0 is sufficiently small. On 
the other hand, E is obviously upper bounded by 


E<SX\5^e ‘^.*'+Ge i 4,J/2 


Therefore, we find the dependence of speed on the energy 
(2.13) 




where te^i is uniformly bounded for each i < Fi + ^ 2 : 
1 

Ai 


^ g+hf)) S < ^(2 In A, + 3 In 3). 
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For t G the point ZE{t) does not fall into the ball B^. So, the quantity 

i is uniformly bounded as i? | 0 . Set 
k\+k2 

'^^’9 ~ ^ “*■ ^^E,i+l ~ 

i=l 

we obtain the formula (12. 7p . □ 

We are going to study the hyperbolicity of the periodic orbit ZE{t). As the Hamilton 
flow preserves the energy, we take a two-dimensional section T,e C Gq^{E), which 
is transversal to the periodic orbit ZE{t) at ze,o in the sense that 

'^ze,oGo^{E) = span{JVGo{zE,o),TEE}. 

The Hamiltonian flow produces a Poincare map, for which ze,o is periodic point (the 
orbit may intersect the section at several points). We study the hyperbolicity of peri¬ 
odic point for the Poincare map. If a periodic orbit is associated with the homological 
class g and it stays in the energy level of E, we call it (Fi, (7)-periodic orbit. 

Lemma 2 . 2 . We assume the hypotheses (HI) an(i(H 2 ). Given a class g ^ , 

we assume that, as E Q, there is {E, g)-periodic orbit ZE{t) which approaches two 
minimal homoclinic orbits d'yi and ^72 so that g = FiPyi] -|- /c2[72]- Then, there exists 
small E' > 0 such that for each E G ( 0 , Fi'], there exists a two-dimensional disk 
Tie d Gq^{E) which intersects the orbit ZE{t) transversally. Restricted on the section, 
the Hamiltonian flow induces a Poineare return map Te ^ Te, and there 
exists some A > 1 ,C > 1 independent of E < E' such that 

\\D<^e{ze,o)v-\\ > CF;-^||u-||, V W G 

\\D<^e{ze,o)v+\\ < G-^E%-1 V u+ G 

where ze,o is the point where the periodic orbit intersects Te, denotes the stable 
(unstable) manifold of the periodic orbit. 

Proof. To study the dynamics around the minimal homoclinic orbits d'yi(t), d'y2(t), we 
use new canonical coordinates (x, y) such that, restricted in a small neighborhood of 
z = 0, one has the form 

Go = ^{yf- A?x?) + ^(^2 - >4x1) + Psix, y) 

where Ps(x,y) = 0 (||x,i/|p). In such coordinates, we use Zi = {xi,yi) to denote the 
homoclinic orbit d'ye (£ = 1 , 2 ). We can assume xe^i{t) | 0 as t —>■ —00, xe^iit) f 0 as 
t —>■ 00 and xeit)/\\xe{t)\\ —)■ ( 1 , 0 ) as t —)• ±00. Here the notation is taken as granted: 
xe = {xe,i,xe^2)- We choose 2-dimensional disk lying in Gq^{E) 

^E ,5 = {ix,y) G : ||(x,y)|| < d,Go{x,y) = E,xi= ±< 5 }. 

Because of the special form of Go, one has 

= ±<5,^1 +2/2 - >4x1 = Aid^ - 2Psi±6,X2,y), \\ix,y)\\ < d}. 

Let W~ {W~^) denote the unstable (stable) manifold of the fixed point which entirely 
stays in the energy level set Gq ^( 0 ). If P3 = 0 , the tangent vector of W~ H Sq ^ has 
the form ( 0 , ± 1 , 0 , ±A2). So, the tangent vector of W~ H takes the form 

xf = (Wi, W2,'f^yiWj/2) = (0, ± 1 ,2/1,5, ±A2-b 2/2,5) eT-iw~r\T~f) 

o ’ 

where both 2/1,5 and 2/2,5 are small. 
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Let be the time when the homoclinic orbit zi{t) passes through Since 

dy^Go > 0 holds at the point zt{t) n {xi = ±(5}, both homoclinic orbits zi{t) and 
Z 2 {t) approach the fixed point in the same direction, the section intersects these 
two homoclinic orbits transversally. Let zf^ denote the intersection point. In a small 
neighborhood of the point B^{zjf), one obtains a map '^ 0 , 5 ^ ^05 Ll B^{zJ^) —)■ in 

following way, starting from a point z in this neighborhood, there is a unique orbit 
which moves along Zi{t) and comes to a point 'I'o, 5 (z) G after a time approximately 
equal to 

Let us fix small D > 0. There exists Cq > 1 (depending on D) such that 

holds for both £ = i and £ = i + 1. Clearly, one has Cq 00 as D —)■ 0. 

As the homoclinic curves approach to the origin in the direction of (1,0) in x-space, 
for small S D, there exists a constant ^1 > 0 such that /ii 0 as D —)■ 0 and 

The Hamiltonian flow defines a map —)■ Tiq and a map 

^OD emanating from a point in Sq ^ (^ 0 "^) there exists a unique orbit which 

arrives (^m) after a time bounded by the last formula. 

Restricted in the ball B^, let us consider the variational equation of the flow 
along the homoclinic orbit zj (t). It follows from the normal form of the homogenized 
Hamiltonian Gq that the tangent vector (Ax, Ay) = (Axi, Ax 2 , Ayi, Ay 2 ) satisfies 
the variational equation 


A • A 'ST- / A ^ \ 

Axi = Ayi + \( Axj + Ayj ), 

\dx4dvi ay,'ay,' / 


(2.15) 


^ \dxjdyi 

7 = 1 


^yj^y^ 


Ai/i = XjAxi - ^ 

i=i 


d2p Q2p 


dxjdxi 


dyjdxi 


i = 1 , 2 . 


Clearly, \d‘^P{z({t))\ < C'i||z£(f)|| with Ci > 0 if ||z£(f)|| is small. Along the homoclinic 
orbit ||z£(f)|| is of the same order as ||xf(f)|| if ||x£(f)|| small. Since the homoclinic orbit 
approaches to the fixed point in the direction of (x, y) = ( 1 , 0 , Af, 0 ), one has 





< (-^1 yi)(* '^D,e\ 


For the initial value Az{T^= {Ax{T^Ay{T^^)) satisfying the condition 


|(Az(r+,),y,-)| >2/3||Az(r+,)||||y,- 


{vg = (0, ±1, yi^s, AX 2 + y 2 ,s)) one obtains from the hyperbolicity that 

< ||Az(r+^)|| < C' 2 ||Az(r+^)||e(^"+^i)^^^^"'^^.^) 

holds for some constant 6*2 > 1 depending on A* as well as on P. Thus, for each vector 
V G nearly parallel to Tp{W~ n ^qd) sense that |(y,y')| > |||y||||y^|| 
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holds for v' E T^+{W H we obtain from the last two formulae and (12.1411 that 


Co 


Similarly, one has 




6 J 


< lim 


\D^ 


0,S,D 






<C2 


sJ 


c; 


sJ 


- II-^^0,<5,d(^<5,£)It _(VF-nE-^)ll - ^3 

5 


D\^+M2 

sJ 


where C 3 > 1 also depends on A* as well as on P, fi2 > 0 and fi2 ^ 0 as D 


0 . 


By the construction, the 2-dimensional disk Eq ^ intersects the unstable manifold 
W~ along a curve. Let C W~ H Sq ^ be a very short segment of the curve, passing 
through the point zj^. Pick up a point Zg on the homoclinic orbit Z£ far away from the 
fixed point and take a 2-dimensional disk C Gq ^(0) containing the point z^ and 
transversal to the flow in the sense that Tz*Gq^{ 0) = sp8Ln{Tz*T,£, JVGo{z'^)). 
The Hamiltonian flow <1>^^ maps a point of P^^ to this disk provided it is close to z^. 
In this way, one obtains a map —>■ E|. Let P^^* = According to 

the assumption (H2), one has Tz*Gq^{0) = span(T 2 |lT+,VP ). Thus, one also 
has Tz*G^^{0) = span(T 2 |VP+,TjiiP^’*). It follows from the A-lemma that 'I'o, 5 (r^£) 
keeps C^-close to VPTlE^^ at the point z'g^ and Tq ^(P^^) keeps C^-close to VP+HEq ^ 
at the point zj^, provided J > 0 is sufficiently small. As ° ^o,D ° 

one obtains 




< WD'i'oA^s )l 


T -(W- 

^5 


nSo.i) 


< C 4 




and 

^4 ^ < ll^^oi(^<5^)lT+(iv+ns+,) 

where C 4 = C 0 C 2 C 3 > 1. See the figure below. 


< C 4 






Recall the definition, E^ 5 is a two-dimensional disk lying in the energy level set 
Gq^{E). For C > 0 sufficiently small, E^ ^ is C^“^-close to E^^ respectively. Let 
ZE{t) = ixE{t),yE{t)) be the minimal periodic orbit staying in the energy level set 
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Gq^{E), it approaches to the homoclinic orbit as E decreases to zero. Thus, for 
sufficiently small E > 0, ii passes through the section ^ as well as ^ ki + k 2 
times for one period. We number these points as ^ (/c = 1, 2, • • • fei + ^ 2 ) by the 
role that emanating from a point z~^ the orbit reaches to the point z~^ after 
time then to the point z'^ and so on. Note that At^ ^ remains bounded 

uniformly for any E > 0. Restricted on small neighborhoods of these points, denoted 
by Bd{z^j^), the flow defines a local diffeomorphism ^ D 

Sg Because of the smooth dependence of ODE solutions on initial data, a small 
e > 0 exists such that, for the vector e-parallel to T^±{W^ 0 in the sense 
that > (1 — e)||u^||||i;*^|| holds for some v*^ G T^±{W^ nS^^), we obtain 

'^5 ’ 

from the hyperbolicity of (see the formulae above the figure) that 



^ \\D^Es{zE^k)^- 

J - M 


<C5 




and 



V h y “ iiu+ii 


<C5 



2(^+M3) 


where Cs > (74 > 1, 0 < ^us —>■ 0 as D —)• 0. If the vector v is chosen e-parallel to 
T^- {W~ n Er^) then the vector DT e,5{z^ e-parallel to T^+{W~^ n E7^). 

‘^5 ’ ’ "^5 ’ 


For E > 0, the Hamiltonian flow defines local diffeomorphism <5 A 

k) ^E 5- make sure '^~e 5 j.)) C E^ ^ one has d —)• 0 as E —>■ 0. 

According to Formula (I2.13h . starting from E^ the periodic orbit comes to E^ ^ 
after a time approximately equal to 


T 


1 

Ai 



+ rs 


in which ts is uniformly bounded as 5 —5- 0. Given a vector v, we use Vi denote the 
2 /i)-component. For a vector v~^ e-parallel to T^+ {W~ n E7^), there is (7 > 0 such 

^0,5 ’ 

that ||uj|| > (7||uy||. From Ea. (|2.15l) one obtains 


(2.16) 


where 0 < /i ^ 0 as 5 ^ 0, A 2 > Ai > 0. It follows that the vector E>"^e 3 si^E 


is e-parallel to T^- {W H E^ ) and 


^6 \e) 


<Ce 


Af+/^4 

'eJ 


where Cg > I and /i 4 | 0 as d | 0. Similarly, for a vector v e-parallel to T^- {W^ n 
Eq ^), one sees that the vector ^ ^{z^ ,) v~ is e-parallel to T^- (IF“ (7 E7^) and 

’ 5 ? ^ 0,5 ’ 




fl4 


< 


W^^E.S.S i^E.k')'^ 


<Cey 


e) 


The composition of these two maps makes up a Poincare map ^e,5 = '^e 55 °'!' E,s, 
it maps a small neighborhood of the point z^ y. in E^ ^ to a small neighborhood of 












UNIFORM HYPERBOLICITY OF INVARIANT CYLINDER 


13 


the point in For a vector v e-parallel to T^- {W H the vector 

f,)v~ is still e-parallel to T^- {W~ H Sq and 

’ 0,(5 ’ 


^2 . 


(2,17) 




^+/^5 


and for a vector e-parallel to T^- {W^ n the vector ^ is still 

'^0,5 ’ ’ ’ 

e-parallel to T^- (VF+ H Fq and 


(2.18) 


A-i ( ^ 


E 


Ao 


< 




/Zl2X 


holds for each k, where A > C^Cq > 1, 0 < /X 5 —0 as H 0. Therefore, each point 
Zg ^ is a hyperbolic fixed point for the map {z^ ^ : A: = 1, • • • , fc* -|- fej+i} is 

a hyperbolic orbit of It will be proved in |C15j that these points are uniquely 

ordered, ki -|- fcj+i is the minimal period. We complete the proof. □ 


Corollary 2.1. The {E, g)-minimal periodic orbit in the energy level Gq^{E) with 
E < E' has a continuation of hyperbolic periodic orbits which approach to that two 
homoclinic orbits d'ji and ^ 72 . They make up an invariant cylinder which takes the 
homoclinic orbits as its boundary. 


Proof. According to Lemma 12.21 the hyperbolicity of {E, gf)-minimal orbit becomes 
very strong when E f 0. Such hyperbolic property is gained if the periodic orbit 
approaches the homoclinic orbits, the minimal property is not used. By the theorem 
of implicit function, this {E, g()-minimal orbit has a continuation of hyperbolic periodic 
orbits arbitrarily close to the homoclinic orbits d'ji and ^ 72 . □ 


Let E[ = h{pf). As we increase the energy from E' to it follows from Theorem 
ll.3l that there are finitely many Ei G [E', E'f\ only such that for E G [E', £'(]\{£'j}, the 
energy level Gq^{E) contains only one (FI, gf)-minimal orbit and Gq ^(Flj) contains two 
minimal periodic orbits. We call these {Ei\ bifurcation points. Therefore, these hy¬ 
perbolic orbits make up finitely many pieces of invariant cylinder, normally hyperbolic 
for the time-27r-map produced by the Hamiltonian flow 

In the next step, we are going to study if these cylinders can survive the map 
induced by the flow <I>^ , where G^, defined in l 2 . 6 [ is a small time-periodic perturbation 
of Go. 


2.2. Invariant splitting of the tangent bundle: near double resonance. As 

shown in the last section, there is a cylinder made up by periodic orbits {xE(t),yE(t)) 
of which extends from the energy level Gg ^(Fl') to the homoclinic orbits, denoted 
by 

^o,E',g = {{xE{t),yE{t)) : [xe] = g,E g (0,F;'],t G M}. 

Let T{E) denote the period of the periodic orbit in Gg ^(Fl), for any 0 < a < b < E' 
one has 

f P fT{E) 

/ 00 = dE A dt > 0. 

The cylinder might be slant and crumpled, we want to know how the symplectic area 
is related to the usual area of the cylinder. Since the cylinder is made up by periodic 
orbits, if we denote the intersection point of the orbit ZE{t) with the section xi = 5 
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by { 6 ,yi{E), X 2 {E),y 2 {E)), then {x 2 {E), y 2 {E)) is a fixed point of the Poincare return 
map ^e, 5 , he. ^E, 5 {x 2 iE),y 2 {E)) = {x 2 {E),y 2 {E)). So we have 


(2.19) 


/ d‘^^E,6 _ .A ^ d^E,6 

\dx 2 dy 2 ^ ^^dyi'dyi) dyi 


To study the quantity let us recall the picture of Figure [??1 Emanating from a 

point { 6 ,yi,X 2 ,y 2 ) £ Gq^{E) the orbit reach a point 2 : in the section {xi = —5} after 
a time t{E,S). Let z* E {xi = —<5} be the point corresponding to (<5,X 2 , 2 / 2 ) £ 
G~^{E*), obtained in the same way. Since t{E, 6 ) remains bounded as E 0, the 
difference of the (x 2 , y 2 )-coordinate of 2 and z* is bounded by doli/i “ i/il where do 
depends on t{E,5). Let {Ax, Ay) be the solution of the variational equation (I2.15p 
along the (E,y)-minimal periodic solution {xE{t),yE{t)), let to < ti be the time such 
that XE,i{to) = —6 and XE,i{ti) = 5 if we use the notation xe = {xe,i,xe, 2 ), the 
quantity ti — to is bounded by (|2.13l) . In virtue of the formula (I2.16p . one obtains 


||(Ax, Ay)(ti)|| < C7e("^+^)^||(Ax, Ay)(to)|| 

<C8E-^-'^'^ll(Ax,Ay)(to)ll 


where 0 < jug ^ 0 as S 


0. It implies that 

A 


dyi 


< CxE 


^2 

a7-W 


d<Pf 


Since Hamiltonian flow preserves the symplectic structure, the matrix is area¬ 

preserving. One eigenvalue is large, lower bounded by (|2.17p . another one is small. 
Let Cl b® the eigenvector for the large eigenvalue and C 2 be the eigenvector for the 
small one, then we have a decomposition of 

(Ax,Ay)(ti) ^ . 

||(Ai,A9)(ti)|| 

Because of the hyperbolic structure (see (I2.15p . (I2.17h and (l2.18p L if 

||(Ax, Ay)(ti)|| > CgII(Ax, Ay)(to)II, 

the projection of vector (Ax,Ay)(ti) to Ci is not small in the sense that |ai| > 
Where Cg > 0 is suitably large, but independent of small E > 0. Therefore, we obtain 
from Equation (I2.19P that 

< CioE-^^^. 

It provides a lower bound of the symplectic area cu with respect to the usual area S 
of the cylinder H^ b ^ 

(2.20) |a;| > CiiE2/^s|5|. 


dx 2 


dy 2 

dyi 

•> 

dyi 


To study the invariant splitting of the tangent bundle over the cylinder no,£;',g, for 
E > 0 we define 

TE = ^llnEl. 

Ai 

Theorem 2.1. With the hypotheses (HI), (H2) and 0 < E^ < E', the invariant 
cylinder IlEa,E',g is normally hyperbolic for the map where s > Te^- The tangent 
bundle o/T^ overIlE^,E’,g admits the invariant splitting: 

TzM = TzN^ 0 TzIlEd,E',g ® TzN 
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some Ai > 1, A 2 > 1 and small E > 0 exist such that A 2 /A 1 — u> 1 + u 

1 1_L II 1 

< lu I < AiEj'-". V „ e nnE,.E',„ 


( 2 . 21 ) 


I^^Go(^)^|l 




< A2E;' 


(3)u|| , -4^+^' 


y ve T,N+, 
Vug t,n- 


Proof. The cylinder IlQ^E',g is a 2-dimensional symplectic sub-manifold, invariant for 
the Hamiltonian flow However, it is not clear whether this cylinder admits the 

invariant splitting so that Formula (j2.21l) holds for the time-27r-map = ^GoI*= 2^' 
It is possible that 

m{D^Go\TUE^,Ei+,J =inf{|T>$Go^^l : v G TUEi,Ei+ug, 1^1 = 1} < 1, 

||-D^>GolTnB,.B,_^^,J| > 1, 

and we do not know the norm of T^^Gq when it acts on the normal bundle. 

From Formulae (I2.17P and (|2.18l) . one sees that the smaller the energy reaches, the 
stronger hyperbolicity the map <I> e ,5 obtains. The strong hyperbolicity is obtained by 
passing through small neighborhood of the fixed point. However, on the other hand, 
the smaller the energy decreases, the longer the return time becomes. 

Let AtE,k denote the time interval such that, starting from the periodic orbit 
comes to z'^ after time AtE^k, then AtE^k = TE,k ~ where TE^k is uniformly 

bounded (see Formula (j2.13p L For small E > 0, emanating from any point z on the 
minimal periodic orbit ze{s) and after a time Te of (|2.2p . passes through a 

neighborhood of the fixed point at least once. Therefore, the map obtains 

strong hyperbolicity on normal bundle such as (|2.17p and (|2.18l) . 

To see how the map acts on the tangent bundle, let us study how it elongates 

or shortens small arc of the periodic orbit ZE{t). To pass through (5-neighborhood of 
the origin along the orbit Z£;(t), it needs a time approximately equal to |A]~^ \n6~‘^E\. 
Restricted in (5-neighborhood of the origin, there exists small > 0 such that 

< \x{t)\ < 

Therefore, the variation of the length of short arc is between 0{E^~^^’^) and 0{E~^~^’^). 
Because of the relation between the symplectic area ui and the usual area S of the 
cylinder, provided by the formula (I2.2nh . the variation of ||iA<h^^||, restricted on the 
tangent bundle of the cylinder, is between 0(£'i+/^7+2/26) where 

we use the property that Hamiltonian flow preserves the symplectic structure. Due to 
periodicity, this lower and upper bound is independent of s. Therefore, the theorem 
is proved. □ 


For cylinder IlEi,Ei+i,g with Ei > E', the normal hyperbolicity is obvious. 

Theorem 2.2. For E' < Ei < < E[ and typical V, there exists sq > 0 depending 

on E', E[ and V, such that the tangent bundle over the invariant cylinder IlEi,Ei+i,g 
admits D^Q^-invariant splitting 

T^M = T^N+ © TJlE^,E,+^,g © T^N- 
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some A 2 > Ai > 1 such that the following hold for s > sq 



A7 < ,, , 

u 

■ < Ai, 

V u G TzLlEi,E, 

(2.22) 


■ < A 2 , 

Vug T^N+, 

u 



■ > AnS 

Vug T,N-. 


Proof. The cylinder is a symplectic sub-manifold, made up by minimal periodic orbits. 
Therefore, some Ai > 1 exists such that 

A"^||u|| < ||^>Go(^E(t))t’|| < A||u|| 

holds for any s > 0 if u is a vector tangent to ze at ZE{t). Since the Hamiltonian flow 
preserves the symplectic form cj, restricted on the cylinder which is an area element. 
Clearly, |a;| is lower bounded by usual area element IS"!. It follows that the last formula 
holds for any vector tangent to the cylinder at ZE{t). It verifies the first formula in 
(I2.2ip . Let 'Pe,z C Gq^{E) be a two-dimensional disk, transversally intersects the 
periodic orbit ZE{t). The flow defines a Poincare return map ^e, the fixed point 
corresponds to the periodic orbit. Let Xi^e and A 2 ,_e be the eigenvalues of the matrix 
D^e, it depends on the energy E. According to Theorem 11.31 each of these orbits is 
hyperbolic, namely, some A > 1 exists such that 

min{|Ag£;|, |A 2 ,e|} < A“^ < A < max{|Ag£;|, |A 2 ,e|}, V LI G [£’*,£'*+ 1 ]. 


Let A 2 
(2.23) 


A ^)’ then A 2 > Ai. Let Te be the period of the orbit ZE{t) and set 


Si = max Te 


[All 

. A . 



the second and the third formulae in (j2.2ip holds for <I>g^ with s > Si. 


□ 


The cylinder Iio^E>,g may extend to the energy level Gq ^(£1 -|- A), where TiE',Ei,g 
is made up by (£, g')-minimal orbits, but Formula (j2.22p applies to ^e',E i+A,g- One 
can see that the whole cylinder is normal hyperbolic for for s > 

max{TE^,s'} where s' is defined so that (|2.22p holds for ^e',E i+/:^.,g (cf. (12.23^ 1. 


2.3. Bifurcation point. Let Ei < £i+i be two adjacent bifurcation points, then each 
Gq ^(£) contains only one (£, g()-minimal orbit for £ G (£j, £j+i), denoted by ze- Let 
zf.. = \miEiEi ^E, ^Ei+i ~ iimefEi+i ^E- These orbits make up an invariant cylinder 

'nEi,Ei+i,g = {{xE{t),yE{t)) : [xe] = 9 ,E ^ [£i,£i+i],t G M}. 

By definition, at the bifurcation point Ei, there are two minimal periodic orbits in 
typical case, denoted by z^,{t) and zf;,{t) in the energy level Gq ^(£i). The orbit z~^,{t) 
makes up the upper boundary of IlEi-i,Ei,g and the orbit zf,,[t) makes up the lower 
boundary oiYiEi,Ei+x,g- Because of the implicit function theorem, there is continuation 
of hyperbolic periodic orbits which extends from 2 :^, (t) to higher energy, denoted by 
z~^{t), also hyperbolic orbits extending from zf^ft) to lower energy, denoted by zf.{t). 
Those z^{t) are not in the Mather set unless E = Ei, the action along these orbits 
reaches local minimum instead of global minimum. In this way, we have the cylinder 
^Ei-i-A,Ei+A,g which ranges from the energy level Gq ^(£i_i — A) to the energy level 
Gq ^(£i-|-A), as well as the cylinder 'n.Ei-A,Ei+i+A,g which ranges from the energy level 
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Gq ^{Ei — A) to the energy level Gq + A). The normally hyperbolic invariant 

splitting (12.221) applies to the extended cylinders IlEi-i-A,Ei+A,g- 

By the definition we have Ei) > Ei). It is obviously a generic 

condition that 


(H3). %{x%^{0),E,)>%{x-^^{0),E,). 

2.4. Persistence of NHICs: near double resonance. We apply the theorem of 
normally hyperbolic manifold [HPS| to obtain NHIC for the Hamiltonian G^fi of (|2.6I) . 
We need the following preliminary lemma. 

Lemma 2.3. Let the equation z = Ff:(z,t) be a small perturbation of z = EQ{z,t), let 
<I>* and denote the flow determined by these two equations respectively. Then 


B 


-At\2At 


where A = maxt^x=e,o and B = maxt ||(Te - Fo)(-T)||ci- 

Proof. Let zx{t) denote the solution of the equations z = Ex{z,t) for A = e,0 respec¬ 
tively, and zfl^) = ^(0). Let Az{t) = zflt) — z{t), then Az(0) = 0 and 

Ai = d^Ffl{uz + (1 - u)z^){t),t)Az + {F^ - Fo){z{t),t) 

where u = u(t) G [0,1]. Therefore, one has 

||Ai|| < max Hd^Tell ||Az|| + max ||T1; — Toll- 

Let Az = y — we have y < Ay. It follows from Gronwell’s inequality that 

Along the orbit z;, {t ), the differential of the flow obviously satisfies the equation 

d 


dt 


D^l = d,Fxizxit),t)D<^l, 


A = e,0. 


Therefore, for each tangent vector v attached to za( 0) one has 

||T>4>^u|| < ||u||e^^ 

To study the differential of 4>* — <1 >q, let us consider the equation of secondary 
variation. Let 6 zx be the solution of the variational equation 6 zx = dzFx{zx{t),t)5zx 
for A = e,0 respectively, where zx{t) solves the equation zx = Fx{zx,t) and zflO) = 
z(0). To measure the size Adz = 5Z). — 5z with the condition 2e(0) = 2;(0), we make 
use of the relations such as u = fce(O) = fc(0), ||fe(t)|| < ||u||e^* and find that 

d{A6z) 


dt 


<max IISxFJIIAfcll -|- max ||cl 2 F||||Az(t)||||fc 
+ max\\dz{Fe - F)||||fc(t)|| 

<AA6z + B\\v\\e‘^^\ 


Let Adz = y + ^||u||e^"^*, we have y < Ay. Using Gronwell’s inequality again, one 
obtains an upper bound of the variation of the differential 

l|A44t)ll<fl|!>ll(l 

Note that v represents initial tangent vector, it completes the proof. □ 
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Let US apply this lemma to study the invariant cylinders of the Hamiltonian A 
sub-manifold N is called overflowing invariant for a flow if, for each z E intA^, the 
orbit <h^(z) either stays in N forever, or by passing through dN to leave. We use 
to denote the map from the time so-section to the time s-section. A sub-manifold 
N' is called a 5-deformation of another sub-manifold N if dH{N,N') < 5, where du 
denotes Hausdorff distance. 


Theorem 2.3. In the extended phase space T*T^ x the Hamiltonian flow 

admits overflowing invariant cylinders which are 

the -deformation of the cylinder n^d,_Ei+A-e‘*,g ^ ^Ei-A+e'i,Ei+i+A-e<^,g ^ 
respectively, if 


(2.24) 


u < a < 


12 maxa; 


and e > 0 is sufficiently small. The cylinder ^ admits normally hyperbolic 

invariant splitting of {\2.21\) for the map 4*^*° with s — sq = Ine^'^l; the cylinder 
'^Ei-A+ed,Ei+i+A-€d,g admits normally hyperbolic invariant splitting of l\2.22{i /or 4)^®° 
where s — sq is given by (f2.23^ . independent of e. 


Proof. Considering as the function of (x, y) and treating 6 as parameter, we find 
that there exists some constant Cn = max^ ||i2£^o(') 0)||ci such that 

max||JVGo — JVGefiWc^ < Gne'^. 

6 


Let Ci 2 
12.31 that 


maxa; y^||A|p -|- ||5^HP, for s — sq = Ine^'^l one obtains from Lemma 




Ai I 

Cll 

G12" 


If the condition 0 < d < holds, then ||ci —0 as e —)• 0. It allows 

one to apply the theorem of normally hyperbolic manifold to obtain the existence of 
invariant cylinder: 


We consider a piece of hyperbolic cylinder IlE^,Ei+A,g C no,Ei-i-A,g with Ed = 
for some small d > 0. Since these hyperbolic properties are posed for the map 
with large s — sq, one has to measure how large the quantity || will be. 

As Go is autonomous, 


Note that HE^,Ei+A,g is a cylinder with boundary, normally hyperbolic and invariant 
for with 5 = ^1 lne^‘^1, we do not expect that the whole cylinder survives small 
perturbation, it may lose some part close to the boundary. As the first step to measure 
to what range the cylinder survives, we modify the Hamiltonian Gg^o- Let p be G^- 
function such that p{p) = 1 for p > 1 and p{p) = 0 for p < 0. Let = Ei A, we 
introduce 


Goix,y) -I e^pi{x,y)Refl{x,y,e), if Go{x,y) E 
Go{x,y) + e^p 2 {x,y)Refi{x,y,e), if Go{x,y) E [Llf - e‘^,E^], 
Gefl{x,y,6), elsewhere 

where pi(x,y) = p 2 = So, HG'.^o-G'ollc^ < 1 

provided d < a and e <C I. Clearly, the cylinder IlEj^,Ei+A,g survives the perturbation 
^ and the boundary of IlEj^,Ei+A,g remains unchanged for The 

survived cylinder in the extended phase space x x y/eT is denoted by n_Ed,Ei+A,g- 


(2.25) G', = < 
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Restricted on the cylinder ^Ed,Ei+A,g H {(x,y,0) : Go{x,y) G + A — e'^]} 

as well as flEi-A.Ei+i+A,^ n {{x,y,9) : Goix,y) e [Ei - A + €^,Ei+i + A - e'^]}, we 
find Ge,o = G'^. It implies the existence of overflowing invariant cylinder 
and ^Ei-d>.+e'>-,Ei+]_+d>.-e'>-,g foi" *^06 • normally hyperbolic invariant splitting is an 

application of the theorem of normally hyperbolic manifold. □ 

3. Transition of NHIC from double to single resonance 

Along the resonant path T* r\ {\p — p"\ < e^} we have chosen the points {p[} such 
that Pq = p", dih{p'-) = Kiy/e, where AT G Z. There are as many as + 1) 

such points. What we studied in the last section is about the disk which is centered 
at p = p", the double resonant point. In this section, we consider the disks which are 
“quite away from” the double resonance in the sense that ATz S> 1. Let Ki = fij, we 
rewrite the Hamiltonian of (j2.4h Ge^i{x,y,9) = Gi{x,y) + Re^i{x,y,9) where 

( 3 . 1 ) Gi{x,y) = niyi + ]^{Ay,y)-V{x). 

We shall show that the NHICs in the such cube looks more and more like the NHICs in 
the case of single resonance when the quantity Hj approaches infinity. As the first step, 
let us consider the Hamiltonian Gj. Applying Theorem 11.31 proved in [CZ1| . we find 
that all (A, 5 r)-minimal periodic orbits make up some pieces of normally hyperbolic 
invariant cylinders. However, it is not enough to study the persistence of these NHICs 
under the small perturbation Gi G^^i = Gi + e^Re,i, since the number of cubes 
approaches infinity as e —>■ 0. We need to show that, for generic V, the hyperbolicity 
is independent of the numbers. 

For a function H G C” (T^, M), we define 

1 

[V]{X 2 ) = — V{xi,X 2 )dxi. 

Jo 

A set QJoo C C'’(T^,M) is defined so that for each V G 2Joo, the function [H] has a 
unique minimal point which is non-degenerate, i.e. -^[V]{x 2 ) > 0 if X 2 is the minimal 
point. Obviously, the set QJoo is open-dense in G”(T^,M) with r > 2. 

To denote a cylinder for Gi and for G^^i respectively, we add superscript * and 
to the usual notation of cylinder H^ ^ —>■ HJ^ ^ g- 

Theorem 3.1. Given a potential V G 53oo cLnd a number K > 1, there exists a 
suitably large > 0 such that for Hj > H*, the Hamiltonian flow of (jg.ip 
admits an invariant cylinder H^ ^ made up by (E, g)-minimal orbits which lie on 
the energy level G~^{EQ.i) with E G [0,K]. 

Moreover, the tangent bundle o/T^ o?;er H^ ^ admits the invariant splitting: 

T,M = T,N+ © T.UQ ji^^ g © T,N-, 
some numbers A > A > 1, and an integer k>l exist such that 
A-i||u|| < \\D<l>l\^{z)v\\ < A||u||, V V G 

(3.2) \\D<l>^(^fl{z)v\\ < A-^\\v\\, VuGr^A+, 

\\D<^l\-{z)v\\>A\\vl 

holds for any large > H*. 


Vug T^N-. 
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Proof. For large the energy of the Hamiltonian Gi ranges over from almost zero to 
order 0(Hj) if ||7/|| < C, where C = 0(1) is independent of Hj. Under the symplectic 
coordinate transformation 

(3.3) {xi,X2,yuy2) ^ 3^2, 1 / 2 ), 

the Hamiltonian Gi turns out to be 

(3.4) G[ = yi + ^Anyf + ^^ 1^2 + ^^ 22 !/^ - X 2 ) . 

The equation G'(xi,?/i(xi,X 2 , 1 / 2 ), 2 / 2 ) = E^li is solved by the function 

=EQ,i — —H 222/2 ~ ■^i2Ey2 + U + ^Rh, 

where E ranges over an interval [0,^] where K is independent of Hj, the remainder 
Q~^Rh is of order O(Hg^). 


2/1 = 


13.51 


ii 


Let r = —xi as the new 
an additive constant 

Li = 


1 


time”. The Hamiltonian yi produces a Lagrangian up to 
/(iX2'\2 A 12 E dX2 


1 


+ U + — Rl, 


2 A 22 ^ dr / H 22 dr Hj 

where is O^-bounded in (2/2 ,t, X2) for any large Hj. The minimal periodic orbit of 
type-(z^, 0 ) for is converted to be minimal periodic orbit of As it was shown 
in mu, the hyperbolicity of such minimal periodic orbit is uniquely determined by 
the nondegeneracy of the minimal point of the following function 

I-2 -k 

F{x2,^i,E)= inf 


7(0)=7(27r)=a:2 


J Li(^7(r),7(r),HiT,R^(ir. 


Because of the condition 7(0) = 7(2-71) = X2, the term X2 does not contribute to 
E, so we can drop it. Let 7r2i,E(T, X2) be the minimizer of E(x 2 ,^i, E), along which 
the action is equal to E{x2,^i, E). Then, |70i,E(T, X2)| is uniformly bounded for any 
large Hj. As the system has one degree of freedom, ^-periodical in r, the minimum 
of F determines an ^-periodic curve 7^), We shall see later that |7(^, ^{t)] —0 as 
—>■ 00. 


Although the Lagrangian Li depends on in a singular way when —>■ 00, the 


function F appears regular in ^ as Hj —00. To see it we decompose the action 


F{x 2 , ^i,E) = Fo{x 2 ,^i, E) + ^Fr{x 2 , Hi, E) 


where 


Fn = 




f27r 


Fr= QifV - [V]){-^liT,'yni,Eir,X 2 ))dT 


r2TT 


+ / RL{7ni,EiT,X2),'yni,EiT,X2),^iT)dT. 


Lemma 3.1. Assume the potential V G C"^(T^,R). Then, Fr is uniformly bounded 
in G"^-topology as Hj ^ 00 when X2 is restricted in a small neighborhood F“^(minF). 
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Proof. As the first step, we show that Fji is uniformly bounded in C'^-topology. Indeed, 
the first integral of Fr is bounded in C'^-topology. We expand V into a Fourier series 


V{-n,T,X2) = + 

k^O 

With the periodic boundary condition 7ni,_E(0, X 2 ) = 70i,E(27r, X 2 ), the condition that 
V G C'" (r > 4) and doing integration by parts we obtain, 

p 27 V 

|The first integrate of Fr| = ^ / I 4 ( 7 ni,E(x, X 2 ))e*^^*'^(iT 

I _ 1 /■ 27 r 

= / ^fc(7Di,E(T,X2))7ni,E(r,X2)e*''^*^dr 

' i^o -^0 

1 rSTr _ 1 

SE^X \mn..E\ir < by:, 


where B = \\V\\c^ max^ |7ni,E(T, X 2 )|. As the curve 7 q.,e is a minimizer, |7ni,E(T, X 2 )| 
keeps uniformly bounded as flj ^ 00 . The second integral of Fr is obviously bounded 
in C^-topology. It completes the proof of the first step. □ 


Proposition 3.1. Each minimizer of F{-,^li, E), 7 ^, ^{■,X 2 ) approaches the eonstant 
solution in -topology: as fli —)• 00 we have 

-X 2 I ^ 0, \ihuEiT,X 2 )\ 0. 


Proof. Without of losing generality, we assume min[I/] =0. If 3 d > 0 and certain 
such that | 7 q. ^ 2 )! > d > 0 holds for any large flj. In this case, the action of Fq 

along the curve 7 ^. ^(r, X 2 ) does not approaches zero as flj —>■ 00 . It is guaranteed by 

the property that |^:^| is uniformly bounded for large Hj. To verify it, we do direct 
calculation. From the Hamiltonian equation produced by p.4p 


(3.6) 


XI = 1 + ^yi + ^y2, m = 

X2 = + ^22^2, y2 = §^, 


we obtain that 


(fx2 

dx\ 


_d/X 2 \._i_d/ 4^1/1+^222/2 

-dAxj^^ ~ + 


(A! dV I A! 9V_'| _ /' ^n dV I +12 dV \ dx 2 
1^12 9x1 ^22 dx2 ) 1 Dj dxi Dj dx2 > dxi 


(1 + 


wy^ + 


A', 




It shows that is bounded uniformly for any large flj. On the other hand, the 

action of Li along X 2 = X 2 with X 2 G [I4]~^(0) is bounded by the quantity 0{-^). It 
implies that 7 ^, ^ is not a minimizer, the contradiction leads to the proof. □ 


Continued proof of Lemma \3.1[ To show the boundedness of O^^Fr for £ = 1,2, let 
us study the dependence of 7 ni,E(x, X 2 ) and 7 ni,E(T, X 2 ) on X 2 . The Hamiltonian 
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equation generated by (13.5p is the following: 

*^^2 ^12 /i _ ^ \ I (^12 ~ ^11^22)^2 

dr ^'2VA ’ 

^ ^ dy 2 _ a;, dV 

dr A' 2 ^yfKdx 2 ' 

where A = (1 + ^^ 2 )^ — ^(24-222/2 — 21/ — 2EQi). Treating the term nj(l — ^/A 

as a function y 2 and V, we see that it remains bounded in C^-topology as Qi 00 . 
Therefore, the right hand side of Equation (13.7p is smooth and bounded in C^-topology 
for any large Qi and bounded y 2 - 

It has been proved in |CZ1] that there is a small neighborhood of the minimal point 
of F{-, Cli,E) such that the minimal curve 7 ni,£;(‘, 2 : 2 ) is uniquely determined by X 2 if 
X 2 is in the neighborhood. It implies that boundary value problem {x 2 ( 0 ) = X 2 { 2 tt) = 
X 2 } of the equation (|3.7p is well defined provided X 2 is in the neighborhood, since Eq. 
EZl is equivalent to the Lagrange equation determined by Li. Therefore, there is a 
smooth dependence of y 2 = 2/2 ( 2 ^ 2 ) such that the solution of the initial value problem 
{ 2 : 2 ( 0 ) = X 2 , 2 / 2 ( 0 ) = 2 / 2 ( 2 :^} is the same as the boundary value problem. Applying 
the theorem of the smooth dependence of solution of ODE on its initial value, we find 
the first and the second derivatives of ( 7 ni,E('r, X 2 ), 9rx2-^i(70i,E(''', X 2 ),'yni,EiT, X 2 ),t) 
with respect to X 2 is smooth and bounded for any large Dj. As Li is positive definite 
in ± 2 , the first and the second derivatives of 7 r 2 i,E(T, X 2 ) is also bounded. 


By direct calculations (doing integration by parts) we find: 

^ = - V 1 r p + dyk djn,,E \ikn,r^^ 

dx9 ^ ik in \ dxn dx9 *’ dx9 dxo ) 


(•2 -k 


+ 


/ ORl d'yfii,E 

Jq V dx dx 2 dx dx 2 i 



^ 1 72 - /d3Vfc 

(d-in„E\‘^.^ 

dxl 2 

^ f/c io ^ dxl 

V 8 x 2 / 


^ 1 72 - cPVk / 

^d'yni,E 8 ^ni, 

z 

^ ik Jq dxl ^ 

8 x 2 8 x 2 


dVk d'^inj^E 
dx 2 dx% 




dr 


+ 


8 x 2 


f 8 ^ Rl f d^n,,E Y O^Rl 

Jq V (9i;2 y ) q ^2 


fdlni, 


V 8x2 

|2^,„ _ o2 


-7f2i,E e 


dr 


AkQfT 


dr 


8RL8^jn^,E 8 ^Rl d'yni,E 8-fn,^E \, 
Jq V 8 x 8 x 2 8 x 8 x 2 8 x 8 x 8 x 2 8 x 2 i 

It follows from these Formulae that Fr is bounded in C^-topology if E E C^. 


□ 


Let us calculate the second derivative of Fq with respect to X 2 - 



The second integral approaches zero as D* —)• 00 if 70 j,E = 7 ^, g. Indeed, it follows 
from Proposition 13.11 that [ 7 ^. ^(r)| —>• 0 and [ 7 ^. ^{t) — X 2 I ^ 0 as Dj —>■ 00 , where 
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X 2 is a minimal point of [F]. Therefore, estimate 

the first integral, we note that the minimizer 7 ^, ^{t) stays in a small neighborhood 
of the minimal point of [y] provided flj is sufficiently large. As 1/ E 23oo) certain d > 0 
exists such that e) — ^ holds for all r € [0, 27r]. The linearized variational 

equation of (13.7p with the the boundary condition -^^(0) = (^tt) = 1 admits 

a unique solution 

and the right hand side of ()3.7p is C^-smooth and uniformly bounded for any large 17*. 
Therefore, certain T > 0 exists, uniformly lower bounded for any large flj, such that 
^ 9 x 2 ^ (t) > ^ for all r E [0,T] U [27r — T, 27r]. As the minimizer is ^^-periodic, we find 

^ 9 x 2 ^ (t) > ^ for all r E [0, 27r] for large flj. These arguments lead to the conclusion 
that certain /j. > 0 and suitably large 0 * > 0 exist such that ^ 

2 /x if rij > 0*. As the function of action T is a 0( j^)-perturbation of Fq we have 

Let X 2 be the minimal point of In this case we have 

F(x 2 , E) - F{x* 2 , a,,E) > fi{x 2 - xlf, 

if |x 2 — X 2 I is suitably small, Let Be ■= u~ — u"*" denote the barrier function where 
are the backward and forward weak KAM solutions, as it was shown in [CZ1| . one 

has 

Be{x 2 ) - Be{xI) > E{x 2 , n„E) - F{x* 2 ,ni,E). 

As barrier function is semi-concave, there exists a number Cl > such that 

Be{x2) - Be{x*2) < Cl{x 2 - xlf. 


It follows that the hyperbolicity of the minimizer is not weaker than ^ = y 1 ~ 

Let us assume the contrary, denote by (7 |;(t), 7e('^)) the minimal periodic orbit and 
denote by ( 7 ^(t), 7 ^(r)) the orbit such that 7 ~( 0 ) = 7 ^( 0 ) and they asymptotically 
approaches to the orbit (7 *(t), 7*(t)) as r —>■ ± 00 , we then have 

l7E(±j) - 7'^(±j)l > ^|7 e(±(j - 1)) - l^iHj - l))l 

if |7|;(0)—7^(0)| is suitably small. The following computation leads to a contradiction: 
C^l( 7^(0) - 7 e( 0))' > BE{l^m - BEilW)) 


00 

> E (^(7“(-i) - ^(7 e( 0))) + (i"(7+(i) - F{1e 


> 2/i 


(7^(0)-7e(0))^ 

1-A2 


= Ci(7±(0)-7E(0)f. 


We observe a fact that such hyperbolicity holds for all E E [IjA']. Therefore, these 
minimal (Li, 5 f)-minimal periodic orbits make up a cylinder ^.k g- 

Let us go back to the coordinates before the transformation (13.3p . That the new 
coordinate xi goes around the circle T once amounts to that the old coordinate xi 
sweeps out an angle of 12. In the original coordinate system, we have = 12 -|- 0(1). 
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Therefore, the hyperbolicity we obtain for r = 27r-map is almost the same as the time 
6 = 27r-map determined by the Hamiltonian flow ,. 

To investigate whether the tangent space of over the cylinder admits an invariant 
splitting, we consider the tangent bundle of H^ q k g- tangent space at a point 
z G is two dimensional, spanned by the a vector v'^ tangent to the minimal 

orbit passing through this point and an orthogonal vector, denoted by v". Because the 
map preserves the symplectic structure, the cylinder H^ ^ k g invariant 

symplectic sub-manifold made up by periodic orbits, there exists a number A > 1 such 
that 

A"^||u^|| < \\D^‘q^Xz)vz\\ < Allu^ll 

holds for any Vz G Span(u^,u") and for any A: G Z. Let k = [^] -|- 1, A = A^, then 
the formula (13.2|) holds. From Equation 13.61 we see that the number A is uniformly 
bounded for any large Hj. This completes the proof of Theorem 13.11 □ 

Applying the theorem of normally hyperbolic invariant manifold, we find that there 
exists ejQ > 0 such that for e < e^Q the time-27r-map , also admits a NHIC ^ 

which is a small perturbation of H* 


4. Uniform hyperbolicity 


Recall that along the resonant path T* n {\p — p"\ < e'^} we choose points {p'} so 
that Pq = p", dih{p[) = Kiy/e, where K G Z+. Around the neighbor hood of p' 

(Ki is independent of e), the Hamiltonian is resaled to the form of (12.4p : 

Ge,i{x,y,9) = + ^{Ay,y) -V(x) + R^^i{x, y, 9). 

Let us fix a potential V G TJoo- By the study in the last section, there is zq independent 
of e such that, for each i > iq, admits a unique invariant cylinder ^Q^^Kni,g- 

We claim that for all i > io, each of these cylinders is just a part of large cylinder. 
To verify it, we consider two adjacent subscripts z, z -|- 1, and denote by {xj,yj,Ij, 9j) 
the coordinates used for with j = z,z -t- 1. Because of the translation (12.11) . we 
find 

(yi - z/i+i, -= ^(p- -p'+i). 

As Ij = —Gej solves Equation 12.31 the energy levels of and G^^i+i match in the 
following way: 


(4.1) 


G 


—1 


'^3,1+1 


~ P3,i)) — 


where we use the notation p( = (Pqj,P 2 ,i)^' 3 ,i) so on. 


By the choice of p' we have following identities 


Kp ' i ) = Kp ' i + i )^ d2h { p ' i ) = d 2 h{p'iz,i) = 0, diKp'i) = Kiyfe. 


From these identities we obtain 

{^^P'i),p'i+i -Pi) + 0(||p'+i -p'f) =(iFA/e,0,W3,i+i 
-P'i,i) +W3,i(P3,i+i -P3,i) =0(||p'+i -p'f). 


(4.2) 
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It follows from the conditions Ki^/e < llp^+i — Pi\\ ^ 1 and the second formula 

of (1121) that -p's^il < ||p'+i -p'i\\. It is also impossible that \P2^i+i - P 2 ,i\ > 

max{|p'^ — p'i^i\,\P 3 ,i+i ~ P 3 ,i\} since the matrix ^^{p'i) is positive definite, it can 
not map a vector to someone almost orthogonal to itself, as shown in the first formula 
of ()4.2|) . Therefore, there exist positive constants K 2 ,K^ > 0 independent of e such 
that 

\\p'i+i-p'i\\ < K2Ve 

and 


\P3,i+i -P3,i\ ^ -Pgi) + 0(||p'+i -p'f) 

^3,i 


<r ^3 • 

< - le. 

^3,i 


Recall the coordinate rescaling of () 2 .ip . Since 


1^3,i 
‘^3,i+l 


is close to 1, for RT > 3 


K 2 

^3,iK 


the 


energy level G^l{KQi) is contained in the set where Ge,i+i > Hu This K is available 
if we choose suitable Ki > 0 . 


Obviously, in the region where both G^^i and remains valid, there is a cylinder 

^ as well. It follows from the uniqueness of such invariant cylinder. 
Therefore, we get an NHIC which extends from the energy level Gj^{EiQ = W 3 P 3 
to the energy level G~^{Ei^ = W 3 P 3 such that \p'' — J = De^~^. The tangent 

space of over the whole admits normally hyperbolic invariant splitting 

of (|3.2p . For z < 0, the situation is the same, instead of considering the class g, we 
consider the class —g. 

Back to the original coordinates, for the class g as well as for —g, there is a NHIC 
which extends from neighborhood of the double resonant point p" to the border 

of the disk {\p — p"\ < De^}. 

Since \\p'i_^_i — p'iW < K 2 y/e, there are as many as 0 {[e^~'2]) points {p[} along the 
resonant path T'. Around at most 2zo +1 points (the number is independent of e), the 
situation need to be handled in the way treated in [CZlj . For each of them, there is an 
open-dense set QJj C C"’(T^,M). For each H G 23*, the Hamiltonian flow admits 
NHICs in the domain with certain normal hyperbolicity independent of e. Therefore, 
certain e* > 0 exists such that for each e < e*, the cylinders survive the time-periodic 
perturbation —)• <I>^ .. Note the Hamiltonian G^^i is a local expression of G^- 

Now the situation becomes clear. One cylinder extends from to G~^{Eo), 

another cylinder extends from G~^{EiQ) to G~^{D€^~ 2 ). Between the energy level 
Gj^{Eo) and G~^{Eig) there are finitely many pieces of NHICs. Each energy level 
intersects these NHIC’s along one or two circles. Let 


53 = ( f| 53,) n 53oo 

l3l<*o 


for each E G 23 we choose ey = min{eo, • • • , e±jQ, }. The first part of Theorem 1 1.1 1 is 
proved for E G 23 and e < ey- 


5. Aubry sets along resonant path: near double resonance 

Since the NHICs obtained are overflowing, we need to identify whether the Aubry 
sets along resonant path remain in the cylinder. 
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An irreducible class g G //i(T^,M) determines a channel of first cohomology classes 

^g,G = [J ^E',E[,g,G = |c G Cg^G '■ «g(c) G 

ue'R+ 

Theorem 5.1. For the Hamiltonian of (EM, a class g G i7i(T^,Z) and a large 
positive number E[ > 0, there exists a residual set QJ C C’'(T^,M) (r > 5). For each 
y G QJ there are numbers cq > 0 and d > 0 such that for e < cq it holds for each 
c G that the Aubry set A{c) of G^fi lies on invariant cylinder. 

To prove this theorem we need some preliminary works. 

Lemma 5.1. For the Hamiltonian G^fi of <\2.6\i . if an orbit z(s) remains in a bounded 
region Q, C T*M for s G [so,si], some constant K > 0 exists, independent of e such 
that the variation of energy along the orbit z(s) is bounded by 

|G'e,o(2(si), si) - Ge,o(2('So), 'So)| < K\si - So + 


Proof. Along an orbit z{s) the variation of the energy is given by 
(5.1) 


^a,o(z(0),0) = ^G,,o{zie),e)=u;se--^2^ 


where r = ^ 3 -^. Recall ii^^o is regular and 27r-periodic in r, see (HH), we expend R 
into Fourier series 

deGe,o{z,6) =a;3e'""^ '^Rk{z)e^^. 

Integrating by parts, we have 


(5.2) 


^ PRkizm 

j SQ 


ih ^ 

F^d9 = 


Rk{z{d))e'^ A 


iujsk 


so 


iui^k 


f {dRk,z{e)) 
J so 


e d9. 


As the perturbation term R is C^-smooth and 27r-periodic in r = a; 3 -^, so we have 

II^I|C3 


\Rk\ < 


So, by setting 


K = 


1 


a;37r z&n 


^ 27r|A:p ’ 

{ 


■ max < lli?, 


e,0||C3) 


\dRk\ < 

\\dzRe,o\\G^ 

27r /cp 

, dV 

) G3 

+ ax 


}E- 

k^O 


|4- 


which is independent of e, it follows from (|5.ip and (15.2p that. 




|Ge,o(2(si), Si) - Ge,o(^(so), So)| <1 


k^O 


El 


kf^0 


iuj^k 


rsi 


'so 


{dRk,z{9))e"'"^d9 


the right hand side is not bigger than K{si — sq + l)e° 


□ 


Since IlEi,Ei+i,g is a hyperbolic cylinder, the channel CEi,Ei+i,g,Go admits a foliation 
of sections of line (one-dimensional flat), denoted by {Ie}- Restricted on each Ie ogo 
keeps constant, while restricted on a line F^ orthogonal to these flats, the function is 
smooth because Go can be treated as a Hamiltonian with one degree of freedom when 
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it is restricted on the cylinder. Therefore, the function acQ is smooth in Co,_Ei,g,Go 
and CEi,Ei+u9,Go- 

Proposition 5.1. There exists a number N > 1, independent of e, so that the Aubry 
set for c E Tg n af}^{E) with E > Ne'^ lies in the NHIC, each orbit in this set does 

not hit the energy level set GfQ{E) with E <e^. 


Proof. We only need to prove the conclusion for the Hamiltonian G'^ of (|2.25l) , because 
G'^ = G^fi when it is restricted on the set where G'^ E [e'^,£'i]. So, each orbit in the 
Aubry set lies in the cylinder forever. If the proposition does not hold, there would 
exist an orbit z{s) in the Aubry set for c E T^ n af^{Ne^), which hits the energy level 
G'E^{e'^) at the time s = sq mod i.e. Gg(2;(so), sq) = Due to Lemma IFTl it 
returns to a neighborhood of 2;(so) after a time S = 0{\ Ine'^l) (cf. formula ()2.7I) 1 and 

(5.3) \G'MS + so), S + so)- G',{z{so), so)| < K{S + l)eT 

As Gq^{E) n IlEa,Ei,g is an invariant circle for the perturbed cylinder is 0(e^)- 
close to the original one [BLZj and the cylinder may be crumpled but at most up to 
the order 0{E~‘^^^) (cf. (|2.2p L so there is 5 = 0(| Ine'^l) such that 

||z(5 + so) - 2(so))|| < Ci 3(5 + l)e'^-^L 


Since z(s) is in the Aubry set for the first cohomology class c, the curve x(s) is c-static. 
Using og/ and ogo to denote the a-function for G'^ and Go respectively, it follows that 

rS+SQ 

(5.4) / (LG',(a;('S),x(s),s) - (c,x(s))+aG'(c))(is < ^^(S + l)e° 

J sn 




Since the cylinder IlEa,Ei,g x -v/eT is e'^-close to tlEd,Ei,g, 3 a c'-minimal orbit z'{s) 
of on IlEj^,Ei,g such that acoic') = and ||2;^(so) — 2(so)|| < Let 

Tx = UsLtf(®(s)>l/('S)) and = [JT=so i^)^ v'i^)) where S' is the period of x'(s), 
we have an estimate on the Hausdorff distance dH{Tx,Tx') < 0{{S + l)e'^“^®). So, 


/ {y, dx) - / 

JT'.r 


{y,dx) - / {y,dx) = 0{{S + l)e'^ ^®). 


Because of Go{x'{s),y'{s)) = add) we have 

cS' 


0= f {LGoix'{t),x{t))-{c,x{t)) + aGoic 
Jo 


{y'{s) - d,x'{s))ds 


Let x{s) be the lift of x(s) to the universal covering space, it follows that 
r-S+so 

/ {y{s) - cd{s))ds 

J so 


rS-\-SQ 

7 ‘ 

-'SO 


{y{s) - d,x{s))ds - 


rS'+so 


{y'{s) - c',x'{s))ds 


'SO 


- (c - d, x{S + So) - a;(so)) 



/ (y',dx') + 0((S+ !)€-''«) 


- (c - d, x{S + So) - a:(so)) 

= - (c - d, x{S + So) - x(so)) + 0{{S + l)e°'“'^®) 


(5.5) 
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As G'(2;(so), So) = «Go(cO) it follows from (15.121) that, for all s E [sq, 5 + sq], we have 
«G'(c) - G'(x(s),y(s),s) > aG'(c) - aGo(c') - 0((S + 

Consequently, by using the formulae ()5.12l) and (15.51) we have 
rS+so 

/ (Lg'(x(s),x(s),s) - (c,x(s)} +aG'(c))ds 


(5.6) 
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/ 

-'SO 


s) - c,x(s)} + (aG'Jc) - G'^(x(s),y(s),s))^ds 


>(«G'(c) -aGo(c'))S- (c-c',x(S + so) - x(so)) - 0((S + l)e'^). 


To derive contradiction between the right-hand-side of above inequality and ()5.4I) . 
we note that the function aco keeps constant along each flat in the channel Co,£;i,g,Go- 
The frequency vector cj(c) is therefore parallel to the direction of T^. To get the norm 
of w(c), we assume the general case g = kigi -h ^252 and consider the Hamiltonian in 
the hnite covering space M = kiT x k 2 T where km = kigim + k 2 g 2 m for m = 1, 2 if 
we write gj = {gji,gj 2 ) for j = 1, 2. In the space T*M there are ki + k 2 fixed points 
for the return map. According to Formula (12.131) . for small if > 0 the period of the 
frequency vg is Ti^g = -|- k 2 ){— InFl-|- Tg{E)) where Tg{E) is uniformly bounded 

as if ^ 0. Since daGg = OJ = ug, one has 

(|lnif|+T,(if))(A:i+A;2) ^^ ^ ^ 

Let c* be the class such that aGo(c*) = aG'^{c), then Q!Go(c*) —Q!Go(cO = > 0. Since 

q:Go is convex, aGo(c*) > aGo(c')> 

{c* - c',daGo{c*)) > aGo(c*) - aGo(c')- 


As c*, c' E Tg, c* — o' is parallel to ciaGo (c*)• It follows from (|5.7p that some constant 
C 15 > 0 exists such that 

I'* - "'I - ||8aa(c-)|| - “««<"'>) - ‘"'‘‘I- 

To measure the distance between c* and c, we exploit the convexity of the a-function 
and get |(c - c*,a;(c*))| < |aGo(c*) - aGo(c)| = |aG,,o(c) - aGo(c)| = e"'. It follows 
from that the a-function undergoes small variation: \aL{c) — a l’{c)\ < s for small 
perturbation L' ^ L with ||L' — L||( 7 i < e ( |C11| ). Therefore, we get 

(5.9) |c*-c| < Gi 6 e'"|lne'^|. 


Be aware that ckgo is smooth and strictly convex when it is restricted on the line T^ 
and the first cohomology classes d ,c* E T^ are uniquely determined so that ao(cO = 
q:o(c*) = Nd^ where the number N is chosen such that 

ln(A' — 1 ) = 3max{| suprg(if)|, 1 }. 

Let d' E Tg such that ao(c^0 = (-^ “ 1)^'^) we find that 

«Go(c*) - aGo(c") > - c"), aGo(c") - «Go(c') > (a;',c" - c'), 

where uj' = daQ{d) and to" = daQ{d'). It follows that 

(5.10) aGoic*) - aGoid) > {c* - d+ {c* - d'- J). 

In the way to get (15.8p one hnds that 

(5.11) |c*-c"| > CiTc'^'llne'^l, 
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where the number Cyj depends on N. One also has 

_Aimax{|suprg(g)|,l}_ 

“ (fci + A; 2 )(| In e‘^1 + rg(e'^))(| In e'^l - ln(iV - 1) + rg((iV — l)e'^))' 

Since (w" — uj',c* — c") = \uj'' — uj'\\c* — c"| (restricted on the cylinder, the system has 
only one degree of freedom, so they are treated as scalers, not vectors), one obtains 
from (j5.8p . (j5.9h . (I5.10p . (jh.lip and (j5.12p that 

(^) (c) (c c ^uj ^ Olg I ’ 

from which we see that the right hand side of (|5.6n is lower bounded by Cige'^ where 
Ci 9 > 0 is a constant. Because fiQ is very small, the formula (j5.6p contradicts (15.41) 
provided a > d + hq. It completes the proof. □ 

Proposition 5.2. If the Aubry set for c G (H is contained in the NHIC, 

and E > 0 is independent of e, each orbit in this set does not hit the energy level set 
GfQ{E ± es'^) if e > 0 is sufficiently small. 

Proof. If an orbit z{s) of the Aubry set hits the energy level G~q (£'—es*^), following the 
proof of IS.ll we also have (15.41) and (|5.6p . Again, we are going to show the contradiction 
between them. 

Let c* be the class such that OiG^ic*) = o(c), then aG'o(c*) — acoic') = es®". Let 

c/ G Lg such that OiG^ic!) = E — es'^. Similar to way to get (15.81) . note the period is of 
order one, we obtain 

(5.13) |c* - c'l > C' 2 oe^'". 

As ugq is strictly convex, one obtains from (I5.13p . (|5.9I) and (I5.10p that 

«Go(c) - aGo(c') - {c-c',uj') = ^\d‘^aGo{i^c+ {1 - u)c')||c' - cp > C' 2 iei'^, 

from which we see that the right hand side of (15.6p is lower bounded by ©(es'^). As 
IJ.Q is very small, the formula (15.6p contradicts (15.41) provided a > d + fiQ. The proof 
for E + appears the same. □ 

Proof of Theorem A5.ll For the Hamiltonian Gq with H G Tl, there are at most finitely 
bifurcation points 0 < Ei, E 2 , ■ " Ek < E[. The Aurby set A{c) for Gq is a {E,g)- 
minimal orbit if c G (izg) and Q!Go(c) / Lii for i = 1, 2, • • • k. At those bifurcation 
points the Aubry set consists of exactly two (Li, 5 r)-minimal periodic orbits. Such 
periodic orbits make up several pieces of NHICs which admit a continuation to the 
energy level of Ei ± A, denoted by no,£;i+A,g and IlEi-A,Ei+i+A,g respectively. The 
continuation is made up by local (E, ( 7 )-minimal periodic orbits. Restricted on the 
cylinder lAEi-A,Ei+i+A,g, the Hamiltonian has one degree of freedom, associated with 
a smooth a-function denoted by ap. ci G [c\ — + Aci] —)• M. The first 

cohomology class ci determines uniquely a flat Ie C CEi,Ei+i,g,Go such that Q!i(ci) = 
OGoilE) if Cl G [c\,P-^^]. Indeed, one has aGo(ci,C 2 ) = afci) if (ci,C 2 ) G 4go(ci.c 2) 
and we use certain coordinates so that g = (1,0). By the definition, we have ai_i(c^) = 
ai(c\), ai-i(ci) > ai(ci) for ci G [c\,c\ + Aci] and afci) < Q;j+i(ci) for ci G 
— Aci,c^"’~^]. It follows from the generic condition (H3) that 

d , , d 
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Under the small perturbation e'^R, large part of NHICs survive, such as IT^d 

and '^Ei-A+€‘i,Ei+i+A-€‘i- The former is e°'-close to ^ the latter is 

e'^-close to IlEi-A+e'i,Ei+i+A-e'i,g X V^T. 

For the Hamiltonian Gq and the class c* E Cg,Go with q;go(c*) = Ei, the Aubry set 
consists of two Ejgf-minimal periodic orbits, the Mane set contains these two periodic 
orbits plus some orbits connecting them (hetroclinic orbits). For the Hamiltonian 
and the class c € C^d E/^ g so that \oiG^fi{c) — Ei\ < e®", the Mane set M{c) stays in a 

small neighborhood of cylinders '^Ei.i-A+ed,Ei+A-e<i,g and nEi-A+ed,Ei+i+A-ed,g- It 
is due to the upper semi-continuity of Mane on small perturbations. So, it follows 
from the hyperbolic structure that each ergodic minimal measure for this class has its 
support in the cylinder either tiEi_i-A+e'i,Ei+A-e<i,g or '^Ei-A+e'i,Ei+i+A-e<i,g- 

Since the energy level set G~q{E) is in e'^-neighborhood of Gq^{E), we obtain from 
Proposition 15.21 and the condition (H3) that for c E such that ac^^ic) is close 

to Ei we have 

-T(c) C ^Ei.i,Ei+K€f ,g'^^Ei-K€f ,Ei+i,g 

where K > 2max{(^Q!j_i(c^) — ■^ 0 (i{c\))~^, l}||i?||oo- Since A > 0 is independent 
of e, the Aubry set completely lies on the cylinders if e > 0 is suitably small. 

To verify that the Aubry set A{c) with ac^oic) = 2e'^ is contained in the cylinder, 
we apply Theorem 12.31 The cylinder Hi^d ^ lies in 0(e'^)-neighborhood of the 

cylinder Hi^d ^i-i-A-e'^ g x \/eT. By the choice of the number d in ()2.24h . we see that 
Gefl{z, 6) > e'^ if {z, 9) E Higd Ei+A-e^- g provided e > 0 is sufficiently small. Applying 
Lemma l5.ll we then complete the proof. □ 

This section also completes the proof of the second part of Theorem 11.11 

6. Criterion for strong and weak double resonanoe 

Given a perturbation eP{p, q), it is natural to ask, along the resonant path F', how 
many double resonances need to be treated as strong double resonance. What we 
write below is in fact the proof of Theorem 11.21 

The proof of Theorem On the path F' the resonance condition {dh{p),k') = 0 is 
always satisfied and at each double resonant point some other k” E exists such 
that k" is linearly independent of k' and {dh{p),k") = 0 holds. Recall the process 
of KAM iteration, the main part of the resonant term is obtained by averaging the 
perturbation over a circle determined by these two resonant relations. It takes the 
form 

Z = Zkfp, {k',q)) + Zk',k"{p, {k',q), {k",q)) 

where 

jez\{o} (i,z)ez2,Z7^o 

Since P is G^-function, the coefficient Pjk'+ik" is bounded by 

\Pjk'+ik"\ < 87r^||P||c’-||jT'-I- 
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which induces the estimation 

( 6 . 1 ) \\Zk',k"\\2 < d\\P\\cr\\k''\r+^ 

where d = d{k') depends on k'. Just like the procedure we did in the second section, 
after the rescaling and linear coordinate transformation we get the main part of the 
system 

Go = ^{Ay,y) - Vk'{x2) - Vk'^k"{xi,X2). 

Assume 14/ has a non-degenerate minimal point at X 2 , i.e. 14/(x^) = A > 0, the 
system {Ay,y) — Vk'i{k',q)) possesses a NHIC 

n°/,fc// = {y = ?yo, ^eR,x2 = X2,xi g t} 

where yo solves the equation (1,0)* = Ay^. Applying the normally hyperbolic invariant 
manifold theorem, one obtains from the estimate (|6.ip that some positive number 
di = di (A) > 0 exists such that also admits a normally hyperbolic and invariant 
cylinder 11;-/ ^// close to ^// provided 

(6.2) ||.'T- > |)A||P||c.. 

It is a criterion to see whether the double resonance is thought as weak resonance and 
can be treated in the way for a priori unstable system. 

However, we obtain the potential V by fixing y = y". So, the non-degeneracy of 
the minimal point depends on the position of double resonant point on the resonant 
path r', i.e. the number A depends on the y G F'. Because the set of double resonant 
points is dense along the resonant path, it appears necessary to ask whether it holds 
simultaneously for all p G B' that the minimal point of Zk'{p,x) is non-degenerate 
when it is treated as a function of x = {k',q). Fortunately, we have the following 
result |CZ2| 

Theorem 6.1. Assume M is a closed manifold with finite dimensions, G C'’’(M, M) 
with r > 4 for each G [CojCi] *5 Lipschitz in the parameter (. Then, there 

exists an open-dense set QJ C C'’(M, M) so that for each V it holds simultaneously 
for all C G [Co, Cl] tdat the minimal of Fc_-\-V is non-degenerate. In fact, given H G QJ 
there are finitely many Q G [CojCi] such that F(^ + V has only one global minimal 
(maximal) point for C Ci o.nd has two global minimal (maximal) point if C = Ci- 

So, once one has a generic single resonant term Z^/, the non-degeneracy A is lower 
bounded from zero for all double resonant points. There are finitely many k" G Tfi 
which do not satisfy the condition (16.2p . thus need to be treated as strong double 
resonance. Obviously, the number of such points is independent of e. 

It follows from Theorem ED that there are finitely many point p = p'j G F' where 
the single resonant term Zk' has two global minimal points when it is treated as the 
function {k',q). It is clearly generic that the condition (H3) holds for Zk'. It implies 
that as one move p along F', the Mather set varies along one cylinder and jump to 
another cylinder when it crosses the point p'j which is called bifurcation point. It is 
also generic that none of these bifurcation points is strong double resonant point. □ 

Remark. Given a resonant path determined by a class g G Ri(T^,Z), we obtain a 
channel Cg = UxFfjs^ ‘F R*(T^,K). By the result we get in this paper, this 

channel has certain width except the place very close to the disk which corresponds to 
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strong double resonance {IFj}. For each c G intCg with d(c, Fj) > the Aubry 

set is located in certain NHIC [Mas| . By using the method of |CY1[ ICY21ILC] , this 
Aubry set can be connected to other Aubry set nearby which is also on the cylinder. 
Sometimes, the local connecting orbit has to be the type looks like heterclinic orbit 
(Arnold’s mechanism), sometimes the local connecting orbit has to be constructed 
by using cohomology equivalence. However, due to the work of |Zlj . one can always 
connects such Aubry set to another one via Arnold’s mechanism. Certain Holder 
modulus continuity of weak KAM solutions is established in [Zl| for the whole cylinder, 
not only restricted on the set of invariant circles. 

Therefore, we have found transition chain along the resonant path with only hnitely 
gaps around the strong double resonant points. These gaps have very small size like 
with d > 0. In another paper |C15j . we show how to build up a transition 
chain of cohomology equivalence to cross the double resonance. We note that it was 
announced by Mather |Mat| more than ten years ago. 
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